Computers and Chemical Engineering 92 (2016) 216-229

journal homepage: www.elsevier.com/locate/compchemeng

Contents lists available at ScienceDirect

Computers and Chemical Engineering

Computers
& Chemical
Engineering

Simulations of reactive settling of activated sludge with a reduced

biokinetic model*

@ CrossMark

Raimund Biirger®*, Julio Careaga?, Stefan Diehl”, Camilo Mejias?, Ingmar Nopens¢,

Elena Torfs9, Peter A. Vanrolleghem¢

3 CI2MA and Departamento de Ingenieria Matemdtica, Facultad de Ciencias Fisicas y Matemdticas, Universidad de Concepcion, Casilla 160-C, Concepcidn,

Chile

b Centre for Mathematical Sciences, Lund University, P.O. Box 118, S-221 00 Lund, Sweden

¢ BIOMATH, Department of Mathematical Modelling, Statistics and Bioinformatics, Ghent University, Coupure links 653, B-9000 Ghent, Belgium
4 modelEAU, Département de génie civil et de génie des eaux, Université Laval, 1065 Av. de la Médecine, Quebec, QC G1V 0A6, Canada

ARTICLE INFO ABSTRACT

Article history:

Received 25 January 2016

Received in revised form 11 April 2016
Accepted 25 April 2016

Available online 4 June 2016

Keywords:

Batch sedimentation
Numerical scheme
Degenerate parabolic PDE
Sequencing batch reactor

Denitrification during the sedimentation process in secondary settlers in waste-water treatment plants
has been reported to be still a significant problem. The modelling of such a process with the conservation
of mass leads to a nonlinear convection-diffusion-reaction partial differential equation, which needs
non-standard numerical methods to obtain reliable simulations. The purpose of this study is to provide
a first extension of the Biirger-Diehl settler model, which models sedimentation without reactions, to
include biological reactions. This is done with a reduced biokinetic model that contains only the relevant
particulate and soluble components. Furthermore, the development is limited to batch settling. The final
model describes the last settling stage of a sequencing batch reactor with denitrification. The main result
of the paper is a numerical scheme that is tested for simulations with several initial conditions.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction
1.1. Motivation

Most models of the activated sludge process in wastewater
treatment plants (WWTPs) are based on the assumption that all
reactions occur in the biological reactor and that there are no reac-
tions in the secondary settling tank (SST) (Gernaey et al., 2014). It
is, however, well known that certain biological reactions can occur
in the settler. In particular, at long residence times and incomplete
denitrification in the upstream bioreactor, denitrification can take
place at the bottom of the tank, where the concentration of sludge
is high, nitrate levels are substantial, biomass decay operates, and
no oxygen is present. Siegrist et al. (1995) and Koch et al. (1999)
reported measurements from three plants showing that of the total
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denitrification in each plant, 15%, 30% and 37% occurred in the set-
tler, respectively. This is problematic since the produced N, can
lead to bubbles that can attach to the sludge flocs, reduce their
density, and lead to floating sludge which is disastrous for a settler.
Thus, mathematical models that are able to capture the mechan-
ical sedimentation-compression process in a SST in combination
with biological reactions, in particular denitrification, are urgently
needed to allow for the simulation of operational scenarios.

We are interested in modelling reactive settling, which is a
process where biological conversions and physical sedimentation
occur simultaneously. To describe the settling process, a consistent
methodology was presented by Biirger et al. (2011) which consid-
ers both hindered and compression settling. Biological conversion
processes in WWTPs are well known and dedicated models are
available (Henze et al., 1987). However, combining biological and
settling processes is not straightforward as it requires the exten-
sion of existing model equations as well as the development of a
numerical method to deal with this extended set of equations.

It is the purpose of this paper to advance a spatially one-
dimensional, dynamical (time-dependent) deterministic model
for this process of “reactive settling”, formulated as five scalar
coupled partial differential equations (PDEs) that represent the
mass balances for two particulate and three soluble components.
The presentation includes a detailed description of a method for
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numerical solution of the PDE model, and therefore for numerical
simulation of reactive settling.

1.2. Related work

A couple of modelling approaches of reactive settling can be
found in the literature. Gernaey et al. (2006) presented a simu-
lation study of two different models to account for the reactions
taking place in the settler. Both models use the simulation model by
Takacs et al. (1991) for the sedimentation process. The first model
includes an extra model block in the return sludge line consisting of
an empirical, algebraic elimination of oxygen and nitrate to account
for the reactions in the settler. It is obvious that this first approach
does not model the combination of sedimentation and reactions.
The second model consists in placing the entire activated sludge
model no. 1 (ASM1) model by Henze et al. (1987), modelling the
bioreactions, in each of the 10 layers in the Takacs settler model.
Improvements in nitrogen removal predictions were obtained and
the first model was recommended mainly because of the much
larger computational cost for the second one, but also because the
second model overestimates the reactive capacity of the settler.

Further studies with the second model type and different ASMx
models were reported by Flores-Alsina et al. (2012), Ostace et al.
(2012) and Guerrero et al. (2013). To compensate for the over-
estimation of the 10-layer reactive settler model, Guerrero et al.
(2013) introduced a reduction factor to the kinetics. Such factors
are not present in the original mass balances and it is therefore not
in agreement with a consistent modelling methodology (Biirger
et al,, 2011) to introduce any such as a compensation for some
other phenomenon—in this case the coarse spatial discretization
(10 layers) of the settler for the numerical simulation.

Already without reactions, the Takacs simulation model is not
recommended because of failure of agreement with the solutions
of the conservation of mass partial differential equation (PDE) in
certain situations (Jeppsson and Diehl, 1996a; Biirger et al., 2011,
2012a), but also for other shortcomings during normal operating
conditions specifically during wet weather (Torfs et al., 2015).

A related application is reactive settling occurring in sequenc-
ing batch reactors (SBRs), for which modelling approaches without
PDEs can be found (Kazmi and Furumai, 2000a,b; Kazmi et al.,2001;
Alex et al., 2011). Keller and Yuan (2002) modelled SBRs without
reactive settling. SBRs are processes in which the bioreaction and
settling processes occur in the same reactor, but sequenced in time,
with reactor filling, reaction, settling and draw phases occurring
sequentially in time rather than in space.

Convection-diffusion-reaction PDEs arise in many models of
physical, chemical and biological processes. For the present non-
linear process of simultaneous sedimentation and reactions, PDE
models and appropriate numerical methods are scarce in liter-
ature. A related application is a rotating wall vessel bioreactor
developed by the National Aeronautics and Space Administra-
tion (NASA), USA, and used during the launch and landing of
space shuttles to protect cultured cells from high shear forces. For
this bioreactor, Chao et al. (2015) presented a two-dimensional
convection—diffusion-reaction model, simulated it with available
finite-element-method software and validated against experimen-
tal data.

1.3. Novelty of this work

When only the settling process is considered, the settling tanks
can be modelled by a single PDE describing the change of particu-
late concentration in depth. However, when biological reactions
are added, the sludge can no longer be considered as a single
particulate phase as different activated sludge components will
be involved in different biological reactions. Moreover, additional

equations to describe the concentration of soluble components
over the depth of the settling tank need to be added. Hence, mov-
ing from a non-reactive settler to a reactive settler model does not
only include additional rate expressions to account for biological
reactions but also increases the number of state variables from a
single particulate concentration to several particulate components
in combination with soluble components. In this contribution, the
settling model presented by Biirger et al. (2011, 2013), called the
Biirger-Diehl model, is extended with a reduced biological model
where only denitrification reactions are considered.

The Biirger-Diehl model originates from the conservation
of mass and can be stated as a scalar, nonlinear PDE for the
sludge concentration as function of depth and time. Moreover,
the Biirger-Diehl model has shown to provide a more realistic
representation of the sludge blanket height and thus the sludge
accumulation in a secondary clarifier (Torfs et al., 2015) which is
an important driving factor for the denitrification process. It is the
purpose of this contribution to make a first step towards extending
these advances for the numerical treatment of non-reactive settling
to the reactive case. To this end, we focus on a reduced-order prob-
lem for the biological reactions and confine to batch sedimentation
in a closed vessel as a first approach.

We are interested in modelling reactive settling with a consis-
tent modelling methodology (Biirger et al., 2011) by starting with
the mass balances and using appropriate numerical methods for
the discretization of the model PDEs. Despite the simplicity of our
reduced model, it accounts for three constitutive assumptions that
determine its mathematical nature:

(i) the hindered settling of the flocculated particles;
(ii) compression of the flocculated particles at high concentrations
when a network is formed;
(iii) reaction terms containing nonlinear growth rate kinetics and
a constant decay rate of biomass.

Properties (i) and (ii) are already realized in the Biirger-Diehl
model described in a number of previous papers (Biirger et al.,
2011, 2013; Torfs et al., 2015). The combination of all three prop-
erties (i)-(iii) in the present PDE-based model, and the numerical
method presented for its solution constitute, however, a new (orig-
inal) contribution.

1.4. Outline of the paper

The remainder of this paper is organized as follows. In Section 2
we introduce the governing model, which is defined by a system of
convection-diffusion-reaction PDEs supplemented by suitable ini-
tial and boundary conditions. (The word “diffusion” is a common
mathematical terminology for terms in the PDE with second-order
spatial derivative; in our case such terms model either some dif-
fusion or dispersion phenomena or, in the case of the particulate
material, the compression of the network of flocculated particles
at high concentrations.) Specifically, we first identify the unknown
variables (Section 2.1), then state the governing PDEs along with
their initial and boundary conditions (Section 2.2), and finally intro-
duce material specific constitutive model functions (Section 2.3),
namely the specific growth rate related to biokinetics as well as
the hindered settling and effective solid stress functions. In Sec-
tion 3, the numerical method is introduced. After stating some
preliminaries (Section 3.1), we start from discretization in space
only (Section 3.2), which is closely related to a system of method-
of-lines ordinary differential equations (ODEs). We then outline
a fully discrete, explicit scheme in Section 3.3. In Section 3.4 the
final method is explained in almost algorithmic form so that it
can easily be programmed. A theoretical result stating the method
produces non-negative values only is stated in Section 3.5. Next,
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in Section 4, we present examples of numerical solutions of the
governing model, where we are interested in three types of initial
conditions: the traditional Kynch test (KT) (Kynch, 1952), which
describes the settling of an initially homogeneous suspension in
a column; the Diehl test (Diehl, 2007), in which the suspension is
initially located above clear liquid; and the “overcompressed” test
(OT), which corresponds to an initial configuration with a highly
concentrated layer at the bottom. The initial condition for the Diehl
test can be obtained either by a membrane, which is removed at
t=0, or by rising the sludge to the top by aeration, e.g., in an SBR.
The OT corresponds to a hypothetical initial configuration of a layer
of strongly concentrated sediment (e.g., after centrifugation) with
clear liquid above where the “pressure” is released at t =0, allowing
the bed to expand. The OT was employed by Biirger and Concha
(1998) and Bustos et al. (1999) as an example to illustrate the
consequences of modelling sediment compressibility by a nonlin-
ear, possibly degenerate diffusion term under extreme conditions.
Since the particle velocities in OT are negative in some regions,
contrary to the KT and DT, this experiment is important for test-
ing a numerical scheme. Sections 4.2-4.4 present the numerical
results for KT, DT, and OT scenarios, respectively, and are followed
by a brief discussion of numerical error and convergence proper-
ties of the scheme (Section 4.5). Finally, conclusions arising from
the treatment are collected in Section 5.

2. Governing model
2.1. Unknown variables

We study one-dimensional batch sedimentation of suspended
particles in water with soluble substrates in a closed vessel with
a constant cross-sectional area. The depth z is measured from the
suspension surface z=0 downwards to the bottom at z=B. For sim-
plicity, we study the last settling phase of a SBR process where
aeration is switched off and the sludge is allowed to settle. We
assume that, in addition to particulate biomass, there is still a
certain amount of dissolved nitrate (NO3) in the water. As the
biomass decays, readily biodegradable COD is produced, which can
be converted to cell biomass using nitrate as electron acceptor and
nitrogen gas (N, ) is produced.

The particulate microorganisms are divided into only two com-
ponents: ordinary heterotrophic organisms (Xoyo) and undegrad-
able organics (Xy ) since we only need access to those state variables
to describe the denitrification process. The total concentration of
the flocculated particles is X : = Xono *+ Xy. Each particle is assumed
to settle with a velocity v = (X, X;) given by constitutive assump-
tions for hindered and compressive settling involving the local
concentration X and its spatial derivative X, :=0X/dz. The nota-
tion for the soluble concentrations is Sno, for the nitrate, Ss for
the readily biodegradable substrate and Sy, for nitrogen gas. The
small spatial movement of the substrate caused by the settling par-
ticles is captured by a single diffusion coefficient ds in the model
equations. Hence, particulate components undergo settling and
biological reactions whereas soluble components are subject to dif-
fusion and biological reactions. The resulting set of equations is able
to describe the evolution of particulate concentrations (Xoyo and
Xy) as well as concentrations of soluble components (Sno,, Ss, SN, )
during the settling process.

Summarizing, the unknown variables are the five functions
XOHO(Z7 t)a XU(Z, t)v SN03 (27 t)a 55(27 t)? SNZ (29 t)
sought for 0 <z<Bandt > 0,and which are determined as solutions
of five PDEs, supplied with initial and boundary conditions, stated
in the next section.

2.2. Governing partial differential equations, initial and boundary
conditions

At the start of settling, the initial concentration distribution of
particles may be piecewise constant described by the function X%(z),
whereas we assume that the substrate concentrations are constant:
the nitrate concentration 51(3103' readily biodegradable substrate Sg
and zero concentration of nitrogen gas. Each particle consists ini-
tially of a certain percentage pg of heterotrophs and the remainder
is undegradable organics. The balance of mass yields the following
partial differential equations for 0<z<B and t>0:

3"5;0 _ _a%(u(x, X.)Xok0) + (1(SNo, - S5) — bXoro. (1)
By _ I kX 0) + fobXono, 2)
% = ds% - (W -(1 —fP)b) XoHo, (4)
831:2 =dg 8{2;22 + Zlgg, 1(Sno; > Ss)XoHo, (5)

which are posed along with the initial conditions

Xoo(z, 0) = poX°(2),  Xu(z,0) = (1 - po)X°(2),

Sno; (2, 0) = sgo3, Ss(z,0)=S2, Sn,(2,0)=0, (6)
where X0(z) is a givn function, py, 519103 and S? are given numbers,
and the zero-flux boundary conditions are

UX, Xz)X|z=0 = X, Xz)X|z=p = 0,

(Sno4),(0, £) = (Sno, ), (B, ) =0,

(Ss)(0,t) = (Ss)(B,t)=0,

(Sn,),(0,8) = (Sn,),(B, t) = 0.

(7)

2.3. Model parameters and constitutive functions

The parameter Y is a dimensionless yield factor and b is the con-
stant decay rate of heterotrophs. The specific growth rate function
is the following product of two Monod expressions:

SNO3 Ss

, 8
Kno, + Sno,y Ks +Ss (®)

(SN0 » Ss) i= [max

where [tmax > b is the maximum growth rate and Kno,, Ks > 0 are
half-saturation constants (see Table 1). This expresses that denitri-
fication only takes place when favourable conditions for Syo, and
Ss prevail. The constitutive function for the particle velocity v(X, X;)
takes into account both hindered settling and compression and is
of the form (Biirger et al., 2011).

Ups(X) forX < Xe,

X, Xz) = psou(X) 8X )

XgAp 0z

Vhs(X) <1 - ) forX > X..
Here, vps(X) is the hindered settling velocity function, o.(X) :=
doe(X)/dX is the derivative of the effective solids stress func-
tion ge(X), ps the density of the solids, Ap the density difference
between solids and liquid, and X, is a critical concentration above
which the particles touch each other and form a network which can
bear a certain stress.
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Table 1
Parameter values employed for the simulation of reactive settling.

Model parameter Symbol Value and unit
Parameter in hindered Vo 1.76 x 103 ms!
settling function vy, cf.
(10)
Parameter in hindered X 3.87kgm3
settling function vy, cf.
(10)
Parameter in hindered q 3.58[-]
settling function vy, cf.
(10)
Unbiodegradable fraction fe 0.2[-]
Critical concentration Xc 5kgm3
Parameter in effective stress a 0.2m?s2
function o, cf. (11)
Solid density Ps 1050kgm—3
Solid-fluid density Ap 52kgm3
difference
Acceleration of gravity g 9.81ms2
Diffusion coefficient ds 1.00 x 1076 m?2 s~1!
Heterotrophic yield Y 0.67[-]
Heterotrophic maximal [max 48d1=556x10">s""
specific growth rate
Heterotropic decay rate b 0.6d1=6.94x106s"1
Half-saturation coefficient Ks 20gm—3=0.02kgm—3
(hsc) for Heterotrophs
Hsc for denitrifying Kno, 0.5gm3=5.00x 10" kgm3
heterotrophs

For the simulations in this paper, we choose (Diehl, 2015; Torfs

etal., 2016)

Vo
X)= —2 10
Vps(X) " (10)

where the parameters vg, X and q have the values given in Table 1
(Torfs et al., 2016), and
0 forX < X,
oe(X) = (11)
a(X —Xc) forX > X,
where the values of o and the critical concentration X are indicated
in Table 1.
3. Numerical method

3.1. Preliminaries

We define the batch settling flux function f;,(X) : = Xvj,5(X), set

—”Sg"gi”, (12)

and define the primitive

deomp(X) 1= vhs(X)

X
D(X) :=/ deomp(s) ds. (13)
Xec

The sum of (1) and (2) gives the following equation, which apart
from the reaction term only contains derivatives of the total con-
centration X:

x_2 (fb(X) - 3’3@) + (w051 55) — (1 fo)bXoro.
O0<z<B, t>0. (14)

This is in fact the Biirger-Diehl model with a reaction term. As
a consequence of (11-13), the PDE (14) is second-order parabolic
wherever the solution X exceeds X. and first-order hyperbolic for
lower concentration values. Thus, the PDE (14) is called strongly

degenerate parabolic or parabolic-hyperbolic, where the location
of the type-change interface is not known beforehand. Moreover,
due to the nonlinear and degenerate nature, discontinuities in the
solution appear and special techniques for the numerical solution
have to be used (which are incorporated in the numerical method
outlined herein).

The total flux within the parenthesis on the right-hand side of
(14)is

aD(X)
0z

This means that for (14) we can utilize ingredients of the numer-
ical method by Biirger et al. (2013) with the addition of the reaction
term. To find numerical updates for the two portions Xono and Xy of
X, we use the idea by Diehl (1997) and Jeppsson and Diehl (1996b).
To this end, we introduce the percentage p : = Xono/X when X>0, so
that Xopo =pX and Xy =(1 — p)X, and rewrite Eq. (1) as

U(X, X2)X = fp(X) - (15)

ek koL —%(U(X, X2)pX) + (1(Snos, Ss) — b)pX, O0<z<B, t>0.
(16)

The idea of the numerical method is the following. In each dis-
crete time step, X is first updated via a discretized version of (14).
This means that the flux (15) is known during this time step, which
is essential for any finite volume numerical method. Since the flux
of (16) is p times the known flux (15), it is only the variable p that
needs to be updated, and this can be achieved by a discretized
version of (16). Then the concentration of the second particulate
component is simply Xy =(1 — p)X. The numerical updates of So,.,
Ss and Sy, are then straightforward for the corresponding equations

(3)-(5).

3.2. Spatial discretization

We introduce the spatial discretization by dividing the interval
(0, B) into N layers and set Az: =B/N. Let X; = X;(t), Snos,j = Snos,j(t),
etc. denote the approximate concentrations in layer j and likewise
P;=P;(t) the approximation of p. The numerical fluxes between layer
jand j+1 (therefore indexed by j+1/2) are defined as follows. The
convective flux f;, is discretized by the standard Godunov numerical
flux, i.e.,

min X) ifX; <X, q,
Xj§XsX,-+1fb( ) X < X4

G; 1/2 = . (17)
j+1/ ijr};lg))((jﬂfb(X) ifX; > X, 1.
If the numerical compressive flux is defined as
D(X;,1) — D(X;)
Jirjp = = — A7 L, (18)

then the total flux (15) between layers j and j+1 is approxi-
mated by Fjiq; : =Gjsqj2 —Jj+1/2- The corresponding flux of (16) is
Pj+1/2(Gjr1j2 —Jj+112), where Pjyq, needs to be defined. We use the
idea of Diehl (1997), which is the following. If the total flux Fj.1/»
is positive, this means that particles move in the direction of the
z-axis over the boundary between layer j toj+ 1. Consequently, the
value of Pj,1); at the boundary between the layers is the one in the
layer above, i.e. P;. If Fj11» <0, then the value is Pj,4, i.e.

p Piiq ifFjq2 <0, (9
j+1/2 =
1/ P] ifFj+1/2 > 0.
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Moreover, we define the soluble component diffusive fluxes

Svj1—Svj
Dyjuijei=ds— 2, j=1,...N-1,
T e {N03’57N2} (20)

and finally introduce the zero boundary fluxes and percentages

1 1
ki :=-— max [ff(X)|+ -— max
1 AZOSXSXmaxlfb( ) AZ2 0<X<Xma

ky 2ds MmaxXmax ()OL n 1) )

= AZ2 KN03 /)7

G12 = G2 =J12 =Inv1/2 = P12 =Pny1j2 = 0, Dy 12

=Dy n+12=0, T € {NO3,S, Ny}

We then obtain the following semi-discretized ODE system for
the PDEs:

% __Fap=fap

a A7 (1(SN0y,j» Ss.j) — (1 = fp)b)XoHoj»  (21)

d(P;X;) Piv12Fii12 = Pic12Fi-12
dlt] - _ j+1/2%j+1/ AZ] /2%j-1/ +(/'L(SNO:;,]"SS,j)_b)XOHO,jv
(22)
dSnos,j  DPnos,j+1/2 = PnNosj-1/2  1-Y
dt“ = ERARY] A7 312 2.86Y/'L(5N03,j»SS,j)XOHO,j»
(23)
dSs;  Dsji1/2 — Dsj1/2 1(Sno,.j» Ss.j)
Tt] = S/ Az o172 ;] 22— (1= fo)b ) Xomo,j»
(24)
ASn,i  DNgj+1/2 = Dnyje1z 1-Y
dtzj = Nadtl/ Az 2071/ 2_86YM(5N03J,55,j)X0Ho,j, (25)
Xono,j = PiX;,

Xyj =(1-PX;

n
Pj

n+1 _ n n _
Pj - Pj+1/2Fj+1/2

pr

small Az)is due to the second-order spatial derivatives in the com-
pression term (Biirger et al., 2005, 2012a) and in the diffusion term
for the solubles. Let X2 denote the maximally possible particle
concentration. The CFL condition for explicit Euler and batch sedi-
mentation is

1

= max{ky, kp}’ (26)

with

X
dcomp(X) + Max{fimax — (1 —fp)b, (1 — fp)b} + max { Mv Mmax — b, b} ,

PxKno,

For explicit Euler, the time derivatives on the left-hand side of
(21)-(25) are approximated by the standard finite difference ratio
and the right-hand side is evaluated at time t,. First, Eq. (21) gives
the update Xj?”l according to

s —F
Jt+ J—
Xjr|+1 =X+ At B e (W(Syo, ;55,0 — (1 =Fo)b)XGyo s | - (27)

The equations for the substrates can be written in an analogous
way, namely

n+l sn

(Dﬁ03.j+1/2 - ’Dﬁ03.j—1/2 1-Y

N0y j = SNy T AL Az ~ 2867 50y 1+ 55, oo,
(28)
D _pi w(st st
A+l ontl S.j+1/2 Sj-1/2 NO3.j° "Sj” 4 n
Ssj =S5y +At ( Az < Y (1=fe)b | Xopo,
(29)
2 -DI .
a1 Ny.j+1/2 Ny.j-1/2 1-Y )
S = St + AL < Az * 2867 HSFoy S5 Moroy | - (30)

As for Eq. (22), the approximation of the time derivative is

d(pxy) X - P
dt, At ’
Note that ifX]."Jr1 = 0,then there is no particle in layerj, hence the

value ofP]?1+1 is irrelevant since P]““Xj"” = 0. We get the following
update formula for P/'* 1.

iij"“ =0,
(31)

] nyn
e g (R

wherej=1,...,N.These equations are thus exact conservation laws
for each of the Nlayers. Note that Xy j can be defined after the entire
simulation.

3.3. Time discretization

Lett,,n=0,1,...denote the discrete time points and At the time
step that should satisfy a certain Courant-Friedrichs-Lewy (CFL)
condition depending on the chosen time-integration method. For
explicit schemes, the right-hand sides of the equations are eval-
uated at time t,. The value of a variable at time ¢, is denoted by
an upper index, e.g., P]T’. The main restriction of the time step (for

F!
-1/2"j-1/2 )
I L S, 50 DN, )| 617 0

3.4. Numerical method in final form

For the ease of reference, we here summarize the informa-
tion provided in this section and present the resulting numerical
method for the approximate solution of the model (1)-(7), and
thereby for the simulation of reactive settling.

(1) Assume that the solution is sought at time t=T>0. Choose
Az=BJN and At=T/nmax, N and nmax being integers, such that
the CFL condition (26) is satisfied.

(2) Calculate the discrete initial values either by averaging
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1 jAz
XQ:—/ X%z)dz, j=1,...,N,
7oAz [ia,

or by using the value in the mid of each layer:

Xj@:XO((j7%> Az), j=1,...N.

Then set forj=1,..., N:

0 0 0 0 0 0 _c0 <0
P/ =po. Xonoj=PoX;: Sno,;=5Noy» Ssj=5s: S 0.

Ny.j =

(3) Forn=0,1,..., npmax — 1, update the discrete solution values as
follows:

(a) For j=0, ..., N, calculate the numerical fluxes G]’?H/z and

Jﬁu/z from (17) and (18), respectively, where X; = X]“,Xjﬂ =
)(jil,forj=l, ...,N—1; and set

G?/z = G}zm/z :f?/z :]1'\11+1/2 =0.
(b) Calculate the total numerical fluxes
F]Z—l/Z = G}1+1/2 _'Ij!:—]/Z’ j=0,..,N.
(c) Calculate the percentage numerical fluxes
Pt ifF? <0,

1 +1/2 — .
pr = j=0,....,N
12 ) B A
P]U 1fFj'11/2_0,

(d) Calculate X}“l forj=1,..., N from the update formula (27).
(e) Calculate P}”l forj=1,..., N from the update formula (31).

(f) Calculate XS;}M = P]F“X]V“ forj=1,...,N.

(g) Calculate X{}? =(1- PJF“)XJV“ forj=1, ..., N.(This step is
optional.)

(h) For each soluble substrate T € {NOs, S, N,}, calculate the
corresponding numerical diffusive fluxes D from (20),

Y,j+1/2
whereST,j=S§j and Sy j;1 =S forj=1,...,N—1,and
set ’

n

Yj+1°
DnT,]/z = qu,NH/z =0.

H n+1 n+1 n+1

(i) Calculate SNOg,j’ Ss,j and SNZJ from the update formulas

(28)-(30).

All calculations are based on explicit evaluations of update for-
mulas, so the numerical method can be readily implemented (for
instance, in MATLAB or any other programming language). No solu-
tion of linear or nonlinear systems is necessary; it is not necessary
to appeal to any numerical solver or software (except, of course, for
the visualization of results).

3.5. Atheoretical result

The analysis behind the CFL condition (26) is not presented here.
The idea is that the CFL condition should imply that the right-hand
side of the update formula for each variable is a monotone function
of the same variables in all layers at the previous time point. For
example, the CFL condition (26) implies that the right-hand side of

(27)is amonotone function of the argumentsxﬁ1 ,XJF and Xj’fH (note
that XSHO’ i= PJ“XJF) for any values of the substrate concentrations
and Pj” appearing in the formula. A more comprehensive analysis
can be found in (Biirger et al., 2016), which also contains results

that imply the following theorem.

Theorem 3.1. Assume that the numerical scheme in Section 3.4
produces Xj” <Xmax forallj=1,...,Nand n=1, ..., nmax, and that

the CFL condition (26) holds. Then the following holds (j=1, ..., Nand

n=1,..., Nmax):
=> {

The theorem guarantees that if the variables are positive (rather,
non-negative) initially, the numerical method will keep them pos-
itive. Likewise, percentage values PJU will stay between zero and
one.

O<X{1+l Sn+1 Sn+1 Sn+1
-]

n n n n
{ 0 <X, SR0, 7 55,7 SNy PON0yj* VS 7 DNy

0<Pr=<1 0<P" <1

4. Numerical results
4.1. Preliminaries

For all tests we employ the hindered settling velocity function
vhs and effective stress function o given by (10) and (11), respec-
tively. The heterotrophic specific growth rate u is given in (8), and
all other parameters are indicated in Table 1 (unless otherwise
stated). For the KT we simulated three different scenarios differing
in the choice of the diffusion coefficient ds (Examples 1-3), while
the two scenarios considered for each of the DT (Examples 4 and 5)
and OT (Examples 6 and 7) differ in the initial concentration of
particles.

In all numerical examples, we employ the explicit scheme with
N=100 layers for a column of height B=1m. To properly repre-
sent the reaction dynamics we present simulations up to t=T=2h,
except for one long simulation of the KT, which is run to T=100 h.
(This final time is quite irrealistic since the settling phase in an SBR
takes at most one hour. However, in this case we are interested
in the long-time predictions of the model and the numerical algo-
rithm.) The time step At is chosen by 98% of the bound given in the
right-hand side of (26).

The initial values common to all examples are

S2=9.00x10*kgm™ and SXo, = 6.00 x 10> kgm™3,

while we recall that by (6), the initial value of Sy, is zero.

4.2. Examples 1-3: Kynch test (batch settling of an initially
homogeneous suspension)

In Examples 1-3, we simulate the settling of an initially homoge-
neous suspension of initial density X = 3.5 kg m—3, which is divided
into heterotrophs and undegradable organics by po=5/7 ~0.7143,
so that
Xono(z,0)=2.5kgm™3, Xy(z,0)=1.0kgem=>3 for0 <z <B.

We employ this configuration to assess the influence of the
substrate diffusion coefficient ds. Example 1 has been obtained by
employing the default value ds=10-%m?2 s~ informed in Table 1.
Figs. 1 and 2 show the numerical results for all unknowns for
T=2h and T=100h, respectively. We observe that the solids set-
tle downwards to the bottom rapidly and form a sludge blanket
with a sharp interface at X, =5 kg m—3. Moreover, the concentration
increases downwards gradually until reaching about 20kgm~—3 at
the bottom. Here, and in Examples 2-7, the solutions for all quan-
tities are bounded and non-negative. The Syo, plot indicates a very
rapid degradation of nitrate within the sludge blanket while that
same quantity decays only very slowly within the supernatant clear
liquid. We observe the formation of readily biodegradable sub-
strate (of concentration Ss) at the bottom of the column through
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Fig. 1. Example 1 (Kynch test, ds=10-5m?2 s~1). Here and in Figs. 2-6, 8 and 9, the visual grid used to display the numerical solution is coarser than the computational grid,

and the plot of the solution for Sno, has been rotated.

decay of heterotrophs. This is no longer degraded when all nitrate
is depleted. Furthermore, the solution for Sy, has a plateau at
6 x 1073 kgm3, which is equal to the initial value of Syo,. This
suggests that within the sludge blanket, almost all soluble nitrate
has been converted into nitrogen.

For this particular case we also present a simulation until
T=100 h to study the long-time behaviour of the model. The results
shown in Fig. 2 illustrate that the total solids concentration attains
a maximum of about 20kg m~—3 at the bottom but that this max-
imum, as well as the total solids mass, decay in time. Moreover,

Total solids

¢ [b] 00
NO3 Substrate

¢ [b] 0

z [m] t [b]

Heterotrophic organisms

S Substrate

the proportion of undegradable organics increases in time (as
expected). The substrates slowly approach an equilibrium concen-
tration as a consequence of their slow diffusive movement.

Figs. 3 and 4 show the corresponding results for the same
scenario but with increased values of the substrate diffusion param-
eter, namely ds=9 x10-5m?2s~! (Fig. 3)and ds=1.3 x 10~ m?2 s~!
(Fig. 4). We observe that the changes in this parameter prac-
tically do not affect the solids settling behaviour; the solutions
for X, Xy and Xopo are virtually the same as in Example 1.
However, differences in the solution behaviour of the substrates

Undegradable 'organics

\

¢ ]

Fig. 2. Example 1 (Kynch test, ds=10-% m? s~1): long-time simulation (T=100h).
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Fig. 3. Example 2 (Kynch test, ds=9 x10-6m?2 s-1),
Total solids Heterotrophic organisms
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th 2 2 [m] ¢ [h] 00 2 [m]

Fig. 4. Example 3 (Kynch test,ds=1.3 x 1075 m2 s~ 1).

are appreciable as can be seen for example by the reduction in differencs in solution behaviour are visible with the two other
Sno, at the top of the settling column at time ¢t=2h when ds substrates.

increases. Roughly speaking, since increasing ds means increas-

ing the diffusive flux of each substrate, that is, the flow rate  4.3. Examples 4 and 5: Diehl test (batch settling of suspension

from regions of high concentration to those of low concentra- initially located above clear liquid)

tion, we observe that the flux of nitrate into the sludge zone
consistently increases when comparing the results of Examples
1-3. Since the degradation of nitrate takes place due to reac- 7kgm=3 forOm <z <0.5m,
tions in that zone, we obtain that for this test, increasing ds Xo(z) =
produces an overall more rapid denitrification. Corresponding

We here choose the following initial distribution of the solids:

for0.bm<z<1m
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Undegradable organics
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Fig. 5. Example 4 (Diehl test, X(z, 0)=7 kgm~3 above z=0.5m).

for Example 4, and
14kgm3
0

@ forOm <z <0.25m,
Xo(z) =
for0.25m<z<1m

for Example 5. All other parameters are chosen as in Example 1.
Since the initial total solids mass is the same as in Examples 1 to 3,
results can be compared. The numerical solutions are shown in
Figs. 5 and 6. We observe in both examples that the initial body
of sludge dilutes, forming a so-called rarefaction wave, the solids

Total solids

“M} ”

/I(J JW L
_

L 3333“‘1‘&
t [b] 0
NO;3; Substrate

no

1

0.5 1

¢ [h]

z [m]

0

Heterotrophic organisms

S Substra_\te

0

settle downward, and accumulate at the bottom to form a sludge
layer. Under suitable choices of parameters and initial concentra-
tions, the solution behaviour of a Diehl test produces a curved
trajectory of the suspension-supernatant interface that does not
arise with a Kynch test, and that can be converted into certain por-
tions of the function f,,. While this property has led us to propose
a Diehl test as a device for identification of f;, (Diehl, 2007; Biirger
and Diehl, 2013; Betancourt et al., 2014), we use this configuration
basically to test the numerical method. We see that the solution for
Sno; is non-monotone (as a function of z for fixed t), which is also

Undegradable organics

t [h] 0o
Ny Substrate

S, (Z= t) [kg/ms]

0o

t [b]

z [m]

Fig. 6. Example 5 (Diehl test, X(z, 0)=14 kgm~3 above z=0.25 m).
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Fig. 7. Examples 1 to 5: evolution of the approximate normalized nitrate inventory Iﬁz(t) Examples 1-3 show results of three KTs with increasing diffusion coefficient ds,

while Examples 4-5 show results of two DT with the same value on ds as in Example 1.

reflected in the solution for Sy,. Comparing the Sno, plot of Fig. 6
with that of Fig. 1 shows that the total amount of nitrate at T=2h is
significantly smaller in Examples 4 and 5 than in Example 1. Con-
sequently, the total amount of dissolved nitrogen gas shows the
opposite behaviour.

In light of the latter observation we quantify the evolution of
N, in the system by measuring the time-dependent average N,
concentration, defined by

1 /B
In, () :ZE/ SN, (z, t)dz.
0

For a given discretization A : =(Az, At)and t=nAt this quantity
is approximated by

N N
1 1
A - n _ n
18 () = BE st Az= N§ St
j=1 j=1

Total solids

¢ [h]

‘\\]“7‘\ il
L

z [m] ¢ [b]

Heterotrophic organisms

S Substrate

0

Fig. 7 displays the evolution of Iﬁz(t) for Examples 1-5. Com-
paring the curves for Examples 1-3, we find confirmed that an
increased value of the substrate diffusion coefficient ds accelerates
the denitrification process in the setup of the Kynch test. However,
ds is a model parameter that is not possible to control, so it is of
more practical interest to compare the results of Example 1 (KT)
with those of Examples 4 and 5 (DT) (calculated with the same value
of dg). Here we observe that the initial rate of fairly rapid denitrifi-
cation is the same in all of these three examples up to 30 min, but
is maintained slightly longer in case of the DT, with the effect that
the portions of the curves corresponding to slow rates of denitrifi-
cation (produced in the consolidation stage after 30 min) lie about
10% and 15%, in the respective cases of the DT Examples 4 and 5,
above that of the KT Example 1 for a couple of hours. This result
illustrates how the initial placement of solids mass may influence
the rate of denitrification. For long times, the right plot in Fig. 7
shows that the curves approach each other, which means that also

Undegradable organics

0.5 =
2 [m] t [h] 00

Fig. 8. Example 6 (overcompressed test, X(z, 0)=20kg m~3 below z=0.5m)
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Fig. 10. Example 1 (Kynch test): comparison between a reference solution (N=3200) and two fastly obtained simple numerical solutions (N=20 and N=50) at simulated

times T=4min (top row) and T=30 min (bottom row), showing results for X (left), Sxo, (middle) and Ss (right).

a small diffusion ds makes the nitrate slowly move down into the

0

forOm <z <0.7m,

sediment where it is converted to nitrogen gas. X(z,0) =
20kg m3 for0.7m<z<1m
4.4. Examples 6 and 7: overcompressed test (expansion of

compressed sludge) for Example 6 and

0 forOm <z <0.9m,
25kg m3 for0.9m<z<1m

We utilize the same parameters as in Example 1 and place a
highly compressed body of sludge near the bottom of the column.
Specifically, we choose

Xono(z, 0) = {
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Fig. 11. Example 4 (Diehl test): comparison between a reference solution (N=3200) and two fast obtained simple numerical solutions (N=20 and N=50) at simulated times
T=6min (top row) and T=30 min (bottom row), showing results for X (left), Sno, (middle) and Ss (right).

for Example 7. The respective numerical results are shown in
Figs. 8 and 9. In both cases, the compressed layer expands once the
system starts to evolve. These simulations alert to the limitations
of modelling sediment compressibility by a nonlinear diffusion
term 02D(¢)/0z2. This approach corresponds to elastic and in a
sense reversible material behaviour which is usually not observed
with activated sludge in reality. Describing this behaviour in an
anomalous situation with more realism calls for an improvement
of the constitutive assumptions concerning sediment compress-
ibility. We emphasize, however, that this test produces an upward
movement of solid particles, which is associated with negative val-
ues of the velocity v defined in (9) allowing to test the numerical
scheme under different conditions. The case discrimination in (19),
which goes back to the method by Diehl (1997), has precisely been
devised to handle this situation. Thus, Figs. 8 and 9 demonstrate
that the model is sound, and the numerical scheme works properly,
even for settling velocities of variable sign.

4.5. Numerical solution versus discretization

To illustrate the accuracy of the method, we plot in
Figs. 10 and 11 solutions of Examples 1 and 4 obtained at two dif-
ferent times with fairly coarse discretizations, N=20 and N=50,
against a reference solution obtained with N=3200 subintervals.
We observe that smooth portions of the solution profiles are
approximated quite well by approximate solutions at these coarse
discretizations. Nevertheless, discontinuities appear smeared out.
Furthermore, to gain some systematic insight into how the numer-
ical solution behaves versus discretization, we calculated the
approximaterelative error, defined at a fixed time point T, by adding
the relative errors of the individual components. The latter are
obtained by dividing with the average masses at times zero and
T for the reference solution:

1
miglo(T) := i(nxgiio( S0+ IXEE (-, Tl ),

B
where ||hl1 ::/ h(z)dz,
0

and similarly for the other variables. Both the masses at times zero
and T are used as some component may be zero at either of those
two time points because of the reactions. We define the normalized
relative error

I(Xono — X&i)-, Dt 1Xu = XN, Tl

erl(T) =

mhio(T) m{s(T)
(SN0 = S, X+ Dl | Sw, = SED(- Dl
myg, (T) myeH(T)
L Jess - SEN (-, Tl
me(r)

and the observed convergence rate between two discretizations
with N=N; and N=N,

Table 2

Examples 1 and 4: approximate relative errors e;qe‘, convergence rates 6 (calculated
between neighboring values of N) and CPU times for two different simulated times
(cf. Figs. 10 and 11).

N Example 1, T=4 min Example 1, T=30min
epe! 0 CPU [s] el 0 CPU [s]
20 0.066 - 0.0076 0.195 - 0.0163
50 0.020 1.765 0.0255 0.073 1.423 0.1533
100 0.011 0.788 0.1770 0.037 0.980 1.2127
200 0.005 1.262 1.3987 0.017 1.117 8.8516
400 0.002 1.191 9.5642 0.008 1.077 56.3849
800 0.001 0.783 63.8714 0.003 1.210 432.2561
N Example 4, T=6min Example 4, T=30 min
epe! 0 CPU[s] el 0 CPU [s]
20 0.147 - 0.0016 0.087 - 0.0132
50 0.077 0.925 0.0148 0.035 1.309 0.1512
100 0.047 0.727 0.1141 0.021 0.777 1.1988
200 0.028 0.759 0.8956 0.011 0.944 9.8084
400 0.015 0.868 7.1999 0.006 0.916 55.8816
800 0.008 1.003 39.6432 0.003 1.127 423.4776
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- log(eﬁll/elr\,ezl)
log(N1/N3)

Our results, collected in Table 2, are consistent with the fact
that the scheme is formally first-order accurate in space and time,
and moreover the approximate solutions exhibit discontinuities. Of
course, while these results suggest that the scheme converges to a
definite limit function, a rigorous convergence proof is still lacking.
Furthermore, the CFL condition (26), which determines the admis-
sible time step At for a given spatial discretization Az, essentially
imposes that At~ Az2. This means that if one halves the spatial
discretization Az, or equivalently, doubles N (to increase accuracy)
and chooses At according to (26), then one should expect that the
total CPU time to solve the problem to a final time increases by a
factor of eight. The CPU times reported in Table 2 indicate that this
is indeed the case.

5. Conclusions

A reduced model of simultaneous biological reactions and sed-
imentation of flocculated particles in batch operation is written as
a system of convection-diffusion-reaction PDEs, and a numerical
scheme for its simulation is suggested. The idea of introducing a
percentage vector for the composition of the flocculated particles
(Diehl, 1997) can be used in a natural way also when the effects
of compression and reactions are included in the equations. In the
present reduced model, with only two particulate components, this
vector is simply (p, 1 —p)T. The advantage of this approach is that
since the vector appears linearly in each term of the equations for
the particle concentrations, the sum of these equations yields an
equation of the total suspended solids concentration X except for
a reaction term. This equation is the Biirger-Diehl settler model
equation with an additional reaction term. Consequently, we can
utilize the ingredients by Biirger et al. (2013) for a correct spatial
discretization into computational cells (layers). The time discreti-
zation utilizes that X can be updated first, so that the numerical
fluxes between the layers are known, which is then utilized in the
updates of the percentage vectors.

Numerical examples for the modelling of the last stage of an SBR
process, where denitrification occurs, indicate that the suggested
numerical scheme works well and the expected denitrification
process is simulated correctly. Furthermore, numerical tests with
otherinitial data, resulting in non-monotone concentration profiles
and movement of particles upwards, indicate that the numerical
method could be extended to the case of continuous sedimentation
in secondary settlers of WWTPs. The latter is an obvious continua-
tion of this initial work on reactive settling for batch sedimentation.
Other potential improvements are: a more accurate modelling of
the liquid, in which the substrates are dissolved; the extension to
include a full activated sludge model for the biokinetic reactions;
an analysis of the convergence properties of the numerical scheme;
the development of more efficient time discretizations; and the
extension of the model to polydisperse particles and several space
dimensions.

Concerning the latter two points, we finally mention that more
rigorous mathematical and numerical treatments are available in
the non-reactive case (Berres et al.,2003; Biirger et al., 2012b, 2015)
that in particular deal with the necessity to solve additional equa-
tions for the motion of the mixture in several space dimensions. On
the other hand, the non-spatial ASM1 model (Henze et al., 1987)
is more involved than the reactive model incorporated into our
model. However, this paper does not present a simpler version of
any more rigorous published model since the combined descrip-
tion of the mechanical sedimentation-compression process with
biological reactions is new.
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