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AbstractÐA simple dynamic model is presented for fast simulation of the removal of multiple substrates
by dierent bacterial species growing in a bio®lm reactor. The model is an extension to the well-known
half-order reaction concept that combines a zero-order kinetic dependency on substrate concentration
with diusion limitation. The basic idea behind this model implementation is to decouple the calculations of the two major processes in the bio®lm: substrate diusion and biochemical conversion. The
separate assessment of substrate diusion allows to relate the penetration depth of substrates to a fraction of biomass that is active in conversion. The conversion is then calculated considering only the active
fraction of the biomass. The model is compared to experimental data from the literature and is found to
be able to closely replicate the overall dynamics in a bio®lm system. The major advantage of the proposed model is the simple structure which leads to a reduction of the computational eort as compared
to state-of-the-art mixed-culture bio®lm models. # 1999 Elsevier Science Ltd. All rights reserved
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NOMENCLATURE

AF = surface of bio®lm (L2)
D = diusion coecient (M2 Tÿ1)
J = total transport of substrate through the surface of the bio®lm (MLÿ2 Tÿ1)
L = bio®lm thickness (L)
M = mass of particulate component (M)
Q = ¯ow in the water phase (L3 Tÿ1)
r = reaction rate (MLÿ3 Tÿ1)
rl = reaction rate in the lower part of the bio®lm
(MLÿ3 Tÿ1)
ru = reaction rate in the upper part of the bio®lm
(MLÿ3 Tÿ1)
S = concentration of soluble substrate (MLÿ3)
t = time (T)
uf = velocity by which the surface of the bio®lm
moves relative to the substratum (MTÿ1)
V = volume (L3)
XF = concentration of bacterial species in the bio®lm as biomass per total bio®lm volume
(MLÿ3)
XB = concentration of bacterial species in the bio®lm as biomass per bulk liquid volume
(MLÿ3)
Y = yield coecient (MMÿ1)
fp = fraction of inert material in biomass (MMÿ1)
iX = ammonia fraction in biomass (MMÿ1)
m = maximum growth rate of biomass (Tÿ1)

*Author to whom all correspondence should be addressed.
[Fax: +45 4525 2800; e-mail: wr@imt.dtu.dk].

= decay rate (Tÿ1)
= hydrolysis rate (Tÿ1)
= detachment rate (MTÿ1)
= detachment coecient (ÿ)
= dimensionless penetration depth of a substrate (ÿ)
e = fraction of volume occupied by the phase/
component (ÿ)
f = active fraction of a species in the bio®lm (ÿ)
r = density (MLÿ3)
n = stoichiometric coecient (ÿ)

b
kh
kd
kdt
b

Subscripts
at = sux denotes attachment
dt = sux denotes detachment
i = sux denotes substrates
j = sux denotes species
l = liquid phase
s = solid phase
A = autotrophic bacteria
B = bulk liquid
F = bio®lm
H = heterotrophic bacteria
I = inert substance
S = biodegradable substance

INTRODUCTION

The growth of microbial species inside attached biological ®lms causes a signi®cant ¯ux of substrates
from the bulk liquid, i.e. the water phase outside of
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the bio®lm. As these processes are of great interest
for the aquatic ecology in surface waters, for treatment of wastewater and in biotechnology, considerable eort has been made in the last 25 years to
develop adequate mathematical models for the
description of substrate utilisation and population
dynamics in bio®lms. The fact that makes such bio®lm models relatively complex is that not only the
microbial conversion of substrate needs to be considered but also the diusive transport of soluble
substrates inside the bio®lm. Early modelling
approaches consequently neglected the aspect of
biomass growth by assuming a prede®ned microbial
distribution and bio®lm thickness (see among
others, Williamson and McCarty, 1976; HarremoeÈs,
1978; Mueller et al., 1980). It was not before the
mid-80 s that Kissel et al. (1984) and Wanner and
Gujer (1986) introduced a more accurate description of the system behaviour, both in time and in
space, which made it possible to predict microbial
species development over the depth of the bio®lm
as a function of substrate ¯ux. Recent advances in
bio®lm research (see among others, Lewandowski et
al., 1994; Zhang and Bishop, 1994; Bishop, 1997)
conclude that the heterogeneity of the bio®lm must
also be taken into account. Describing this quantitatively has been attempted in the revised mixedculture bio®lm model of Wanner and Reichert
(1996).
However, such a detailed mathematical description of the processes in mixed-culture bio®lms has
also some shortcomings. Most important among
these are the required computational eort for solving the resulting set of partial dierential
equations and the high complexity of the model,
which makes accurate estimation of parameter
values and initial conditions a tedious task. Hence,
rather than following the trend to include more and
more phenomena in the model a simpler model is
presented here in order to allow fast but suciently
accurate simulation of bio®lm dynamics. The basic
idea of the proposed model is to decouple the modelling of the diusion process and spatial distribution of bacterial species from the biokinetic
reactions. This is done by means of a two-step procedure where (1) for each conversion process that is
in¯uenced by diusion, the active fraction of the
biomass within the bio®lm is computed by means
of a simple analytical solution to the problem and
(2) all conversions within the bio®lm are then calculated as if the bio®lm were a ideally mixed reactor
but with only the active fraction of the species contributing.
In this article we present the concept and the
equations of the simpli®ed mixed-culture bio®lm
model and discuss the application of the model for
two long-term experiments from literature (Horn
and Hempel, 1997a,b). The avoidance of the numerical solution of partial dierential equations by
using the two-step procedure results in a fairly
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simple model structure. This aspect makes the proposed model an attractive alternative to the existing
complex models when emphasis is put more on fast
predictions of system behaviour than on detailed
understanding.

GENERAL MODELLING CONCEPT

Background
Figure 1 illustrates the ideal bio®lm system that
is mathematically described in the proposed model.
To study the interaction between the bio®lm compartment and the bulk liquid compartment it is
necessary to distinguish between dissolved and particulate constituents. Dissolved substances are transferred from the bulk liquid into the bio®lm (the
in¯uence of the liquid ®lm diusion is here neglected, see Christiansen et al., 1995) and then transported by means of molecular diusion. Particulate
components cannot be transferred inside the bio®lm
but will be adsorbed to the bio®lm surface, a process usually denoted as attachment. The reverse
phenomenon of displacement of particulate components is consequently addressed as detachment.
The bio®lm compartment consists of two phases,
that is (1) the liquid phase, in which the dissolved
substances are transported due to the diusion
phenomena and (2) the solid matrix, which consists
of several species of bacteria as well as of particulate substrate and inert material. Concentration of
particulates and density in bio®lm is therefore to be
expressed as follows:
el 

nX
X
j1

esj  1 with

esj 

Xj MFj 1

rj
VF rj

1

where el is the volume fraction of the liquid phase,
esj the volume fraction of the particulate component
j in the solid matrix, nX the number of particulate
components considered and rj the density of the
component. The concentration of a speci®c component (Xj) is given by dividing its mass (MFj) by
the entire volume of the bio®lm (VF), i.e. volume of
liquid and solid phase. The density of a speci®c

Fig. 1. Transport processes in an ideal bio®lm system.

2150

Wolfgang Rauch et al.

component j, rj, must not be confused with the
mean bio®lm density rm
nX
X

rm 

nX 
X
j1



esj rj 

r  ÿmX

MFj

j1

VF

2

which can be measured experimentally. For reason
of simpli®cation the proposed model is applying the
widespread assumption to see the biomass as a continuum (e.g. Wanner and Gujer, 1986), that is
rj=constant = rm/(1 ÿ el).
Mass transport and zero-order reaction in a bio®lmÐconcept of active fractions
Soluble substrate from the bulk liquid is transferred inside the bio®lm and then transported
further by means of molecular diusion. The substrate is simultaneously utilised in the ®lm by the
bacteria for growth. In case the substrate does not
fully penetrate the bio®lm, the reaction is considered as diusion limited, i.e. the reaction is taking place only over a certain depth of the bio®lm.
HarremoeÈs (1978) developed analytical solutions
for calculating diusion limited bio®lm reactions by
adopting mass balance equations for bio®lms with
an idealised geometry (Fig. 2) and steady state conditions:
@2 S
r

@z2 D

with respect to the substrate S can thus be written
as:

3

where S is the concentration of the substrate at the
location z in the bio®lm, D the diusion coecient
for the substrate and r the volumetric reaction rate
(positive for substrate removal). To derive an analytical solution to this second-order dierential
equation, the reaction rate needs to be de®ned.
HarremoeÈs (1978) pointed out that the speci®c
growth rates of bacteria can be assumed zero-order
with respect to the concentration of the substrate S
in the bio®lm. The reason is that the saturation
coecients (assuming Monod-type kinetics) are
very small for most substrates at hand (dissolved
oxygen, soluble organic matter, ammonia and
nitrate). Hence, the bio®lm volume, where the
assumption of zero-order kinetics does not hold, is
very small and can be conveniently neglected. The
volumetric (zero-order) reaction rate of a species

4

where r is the zero-order reaction rate for the bacterial species X with respect to the substrate S, m
the (max) speci®c growth rate of the species X and
n the stoichiometric coecient.
The penetration depth can be derived from an
analytical solution to equation 3 (for details, see
HarremoeÈs, 1978):
r
2 D S0
z
5
r
where S0 is the concentration of substrate S in the
bulk liquid.
The basic consideration is now whether the bio®lm is fully penetrated by the substrate or not. In
case the bio®lm is fully penetrated (no substrate
limitation or z e L), the solution to the problem is
obvious, as the reaction takes place over the full
depth of the bio®lm L with a constant (zero-order)
maximum rate. However, in case of substrate limitation the reaction is taking place only over a certain depth of the bio®lm.
Hence, when there is substrate limitation, the bio®lm is partitioned in an active (upper) part and an
inactive part close to the substratum. This limitation eect can also be expressed by assuming only
a certain fraction of the biomass to be active. So, a
solution can be given for the ¯ux of substrate S
into the bio®lm:
J  ÿm X  f L and

f0; 1

6

where J is the total transport of the substrate S
through the surface of the bio®lm, L the bio®lm
thickness and f the active fraction of species X.
The underlying idea is that the active fraction of
the biomass f is equal to the dimensionless penetration depth of the limiting substrate b (z/L):
r
2 D S0
b
:
7
r L2
Assumptions underlying the concept
The concept of active fractions forms the basis of
the simpli®ed mixed-culture bio®lm model. It is

Fig. 2. Idealised bio®lm system with uniform spatial distribution of microbial species.
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therefore essential to be aware of the assumptions
this model relies upon: (1) the bio®lm is assumed to
be of homogeneous structure and density, (2) the
microbial species in the bio®lm are uniformly distributed, (3) the typically modelled stagnant liquid
layer is neglected, (4) reaction rates are of zeroorder, (5) soluble components that emerge from
conversion processes inside the ®lm are assumed to
be subject of immediate out-diusion at the surface
of the bio®lm and (6) an instantaneous steady-state
substrate pro®le is assumed.
Assumptions (1) and (2) can be particularly justi®ed as long as the heterotrophic loading to the system under study is not too high (as in the
applications described below).
The incorporation of a stagnant layer (see
assumption (3)) does not aect the basic assumptions of the model and might therefore be done on
occasion. But the possible improvement of the
model by including an external diusion resistance
is, however, highly dependent on bio®lm loading
and ¯uid velocity. The eect of such eort is most
likely rather seen on the decrease of the calculation
speed than on the improvement of the predictive
power of the model (see Christiansen et al., 1995).
As the emphasis of the modelling exercise was on
simpli®cation and calculation speed, it was chosen
not to incorporate external diusion resistance.
The use of zero-order reaction rates (assumption
(4)) is very widespread in bio®lm modelling, as it is
a good description of bio®lm kinetics when substrate concentrations are suciently high. Other
reaction rates can also be used as long as they give
rise to analytical solutions for the substrate penetration depth as this is inherent to the decoupling
of diusion and biokinetic reaction in this
approach.
Assumption (5) is only of importance when a soluble component is produced inside the bio®lm due
to conversion processes. The assumption of immediate out-diusion neglects the possible accumulation
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of the component inside the bio®lm. However, due
to the principle of homogeneous species distribution
in the bio®lm (assumption (2)) this eect is compensated in the model: the out-diusion leads to an immediate increase of the concentration of the
component in the bulk liquid and, subsequently, to
an increase of the substrate ¯ux into the bio®lm.
Assumption (6) is, in principle, violating the mass
balances in a dynamic situation and therefore needs
to be discussed further. As outlined in Kissel et al.
(1984) the characteristic time of the ®lm diusion
phenomena is about one order of magnitude smaller than the time scale of reactions in the ®lm.
From the point of view of the dynamics in the conversion processes it can therefore be assumed that
the substrate pro®le reaches an equilibrium very
fast. This oers the possibility to omit consideration
of the dynamics of the diusion process and model
diusion as a steady state phenomenon within each
time step (by means of an analytical solution). The
error that is introduced by this approach to the
mass balances in the model is assumed negligible.

DIFFUSION LIMITATION IN A MULTIPLE SUBSTRATE/
SPECIES SYSTEM

Applying the theory of diusion limitation and
zero-order substrate utilisation to biological processes (HarremoeÈs, 1978), it needs to be considered
that bacteria generally require multiple substances
(Si) for growth, usually an electron acceptor, an
electron donor and nutrients.
Figure 3 outlines the general idea of the theory to
the simple example of a 2 substrate/1 species system: For growth of heterotrophic bacteria in the
bio®lm two substrates are required, i.e. an electron
acceptor (dissolved oxygen SO) and an electron
donor (soluble organic matter SS). Both substrates
are essential for bacterial growth and, consequently,
the whole process stops when one of them is not

Fig. 3. Illustration of a diusion limited reaction in a system with two substrates (SO oxygen and SS organic matter) and one species. SO is the limiting substrate.
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available. In Fig. 3 oxygen is considered to be the
limiting substrate.
In this simple system the dependency of the total
reaction rate and of the limitation of bacterial
growth on the bulk liquid substrate concentration
can be easily derived. Indeed, the active fraction of
the biomass f is equal to the dimensionless penetration depth of the limiting substrate bSo (zSo/L in
Fig. 3). The ¯uxes of the dierent substrates i into
the bio®lm are then derived directly from:
Ji  ÿm X i f L:

8

However, the straightforward relation f =
b(Slimiting) only holds for very simple systems as in
Fig. 3. A problem arises when this active fraction
concept is applied to more complex problems.
Indeed, in most cases there are various bacterial
species (Xj) present in the bio®lm, which sometimes
compete for the same substrate (e.g. both heterotrophic and autotrophic bacteria require oxygen as
well as ammonia for aerobic growth). On the one
hand, equations for the dimensionless penetration
depth bi can be written that relate to the exhaustion
of substrates while, on the other hand, the active
fraction fj for each biomass species is needed for
further calculation. Although there exists a relationship between these two variables, this relation is
case speci®c and requires a thorough analysis of the
speci®c problem at hand, as illustrated below.
In the following, the basic theory is outlined for
a system with substrates Si and species Xj. Based on
the considerations above, the volumetric reaction
rate of a species with respect to each substrate is
written as:
rij  ÿmj Xj ij

9

where rij is the zero-order reaction rate for the bacterial species Xj with respect to the substrate Si, mj
the (max) speci®c growth rate of the species Xj, nij
the stoichiometric coecient and i,j the suces
denoting the substrates and species respectively. In
case dierent species use the substrate Si, the total
volumetric reaction rate of this substrate becomes:
X
ri 
ÿmj Xj ij :
10
j

Now again, in case the bio®lm is fully penetrated,
all reactions take place over the full depth of the
bio®lm L with a constant maximum rate. On the
contrary, in case any substrate limitation occurs,
the reaction takes place only over a fraction of the
total depth of the bio®lm.
Given that each reaction is governed by the activity of only one bacterial species, the limitation
eect can again be expressed by assuming that only
a certain fraction of this particular species to be
active. Hence a general solution can be given for
the ¯ux of each substrate into the bio®lm:

Ji 

X
j

ÿmj Xj ij fj L

and

fj 0; 1

11

where Ji is the total transport of the substrate Si
through the surface of the bio®lm, L the bio®lm
thickness and fj the active fraction of species Xj.
The calculation of the active fractions is outlined in
the following.

STEP 1: ACTIVE FRACTIONS IN A MULTIPLE
SUBSTRATE/SPECIES SYSTEM

The proposed model is based on a two-step procedure for calculating the conversions in the bio®lm
reactor in each time-step. First, the diusion depth
of the substrates into the bio®lm is found analytically by assuming pseudo-steady-state conditions,
zero-order conversion rates and a homogeneous distribution of the bacterial species within the bio®lm.
The result of this ®rst step is an estimate of the
amount of bacterial mass that is actually active in
the conversion processes (active fraction). The
other, inactive fraction of the bacterial mass is not
exposed to the substrate necessary for performing
the conversion processes (diusion limited). Given
this information, the conversion of the substrates in
the reactor is then calculated in the second step.
Analytical derivation of the penetration depth of substrates
As stated above, Fig. 3 shows the simplest case
with respect to diusion limitation: From the point
of view of spatial distribution all processes are
stopped when one of the limiting substrates is
exhausted. The penetration depth for any substrate,
given that all other substrates are in excess, can be
derived from an analytical solution to equation 3:
r
r
2 Di Si0
2 Di Si0
zi 
and bi 
12
ri
ri :L2
with
ri 

X
j

ÿmj Xj ij

13

where ri is the zero order conversion rate of the
substrate Si (taking into account all bacterial species
Xj that use this substrate under the given environmental condition, i.e. aerobic±anoxic), bi is the
dimensionless penetration depth of substrate Si, Si0
the concentration of substrate Si in the bulk liquid
and L the bio®lm thickness.
However, for a multiple substrate/multiple species
system the aspect of diusion limitation can easily
become more complex. Generally, sequential diusion limitation occurs if a substrate Sa is used in
two (or more) processes and one of these processes
is limited earlier than the other by a dierent substrate Sb. As a result, the zero-order conversion rate
of the substrate Sa is no longer the same in the
whole bio®lm. The penetration depth za of the sub-

A simpli®ed mixed-culture bio®lm model
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Fig. 4. General description of sequential diusion limitation.

strate is divided in two parts where the conversion
rate in the upper active part (rua) is dierent
(higher) from the one in the lower active part closer
to the substratum (rla). Indeed, in the upper part
two processes consume substrate a, while in the
lower only one process proceeds. This is outlined
generally in Fig. 4.
The depth of the upper part is determined by the
penetration depth zb of the substrate Sb that is limiting ®rst. Consequently, the ¯ux of the substrate Sa
deeper into the bio®lm is linearly decreasing only
within each of the two parts of the bio®lm but no
longer over the whole penetration depth.
Nevertheless, the penetration depths za and zb can
be derived analytically (Rauch and Vanrolleghem,
1997):
s
2 Db Sb0
zb 
and
rb

s


rua
2 Da Sa0
2
za  zb 1 ÿ
14

rla
rla
where rb is the zero-order reaction rate in the upper
part with respect to the ®rst limiting substrate Sb
(taking into account all species j that use this substrate under the given environmental condition), rua
the zero-order reaction rate in the upper part with
respect to Sa (taking into account all species Xj that
use this substrate under the given environmental
condition), rla the zero-order reaction rate in the
lower part with respect to Sa (taking into account
all species Xj that use this substrate and which are
not already limited by another substrate), Sb0 the
bulk liquid concentration of substrate Sb that is lim-

ited ®rst and Sa0 the bulk liquid concentration of
substrate Sa.
The aerobic growth in a system with both heterotrophic (XH) and autotrophic bacterial species (XA)
is an example of this sequential diusion limitation.
Growth of the species requires three substrates, i.e.
dissolved oxygen SO, soluble organic matter SS and
ammonia SNH. If SS is limiting, then the growth of
heterotrophs stops but the growth of autotrophs
proceeds until either oxygen or ammonia gets limiting for them. Hence, this is a sequencing diusion
limitation for oxygen or ammonia. In the outer part
of the bio®lm (until SS is utilised) both heterotrophic and autotrophic growth take place simultaneously whereas in the next zone (until any other
substrate gets limiting) only the autotrophic growth
process utilises SNH and SO. Figure 4 expresses this
situation in general terms.
Calculation of active fractions of bacterial species: an
example
The example used to introduce the approach for
the calculation of the active fractions for the penetration depths considers the main carbon/nitrogen
cycles in a bio®lm, i.e. carbon removal, nitri®cation
and denitri®cation (given on Peterson matrix representation (Henze et al., 1987) in Table 1).
Heterotrophic bacteria are growing under two
dierent environmental conditions in the system,
i.e. under both aerobic and anoxic conditions.
Other than in continuously stirred tank reactors, a
spatial distribution of the oxygen concentration
exists in bio®lms. Consequently, in bio®lms simultaneous nitri®cation and denitri®cation can occur,
where the top layers of the bio®lm are nitrifying

Table 1. Matrix representation of aerobic/anoxic growth of heterotrophic/autotrophic bacteria
Process
Aerobic het. growth
Anoxic het. growth
Aerobic aut. growth

SO (MLÿ3)

SS (MLÿ3)

1 ÿ 1/YH

ÿ1/YH
ÿ1/YH

1 ÿ 4.57/YA

SNO (MLÿ3)

SNH (MLÿ3)

Process rate (MLÿ3 Tÿ1)

ÿ(1 ÿ YH)/2.86YH
1/YA

ÿix
ÿix
ÿ1/YAÿix

mH.XH
mH*.XH
mA.XA
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whereas the deeper layers denitrify. The spatial distribution is taken into account by means of the
anoxic active fraction coecient f*H for heterotrophic bacteria. However, note that heterotrophic
bacteria have a preference for oxygen. As a result
nitrate can never be the substrate that is limiting
heterotrophic activity in the ®rst place, but only
after all oxygen is utilised. Furthermore, the biokinetic model outlined in Table 1 assumes that species
growth limitation by nitrogen is only due to ammonia exhaustion. The anoxic growth rate is denoted
as m*H.
With respect to utilisation and production of
nitrate in the bio®lm, two aspects need to be considered. First, a problem arises when more nitrate is
produced via nitri®cation than utilised due to denitri®cation. As a consequence, a nitrate ¯ux occurs
in the opposite direction, i.e. from the bio®lm back
into the bulk liquid. The transport of the net produced nitrate through the nitri®cation zone is subject to diusion. A second problem arises for
nitrate utilisation which occurs usually in the deeper
layers of the bio®lm. Here also, nitrate is transported through a non-reactive layer. The simpli®ed
model gives no direct opportunity to consider these
diusion processes and an instantaneous transport
of the soluble products is assumed in both cases
(assumption (5)). Hence, produced nitrate does not

accumulate in the bio®lm but is considered only by
means of the net ¯ux transport through the bio®lm
surface.
The procedure to derive limitation of active fractions of the species in the bio®lm for each speci®c
situation of substrate can be outlined as follows for
this heterotrophic/autotrophic bio®lm:
1. For each of the substrates SO, SS, SNO and SNH
the dimensionless penetration depth bi (=zi/L) is
calculated from equation 12. If none of the substrates is limiting the bio®lm is fully penetrated
and all active fractions f are equal to one. If
not, the substrate with the smallest value bi is
limiting ®rst.
2. The actual case of substrate limitation is derived
from Fig. 5 where the order of limitation is listed
together with the active fractions of the relevant
species. Unless SNH is limiting, another substrate
might cause a sequential diusion limitation that
has to be taken into account.
3. If there is no SNH limitation then the penetration
depths of the substrates are calculated from
equation 14 based on the possible order of limitations.
4. If any of these dimensionless penetration depths
is smaller than one, the corresponding substrate

Fig. 5. Six possible situations for substrate limitation in the competition of heterotrophic and autotrophic growth in an idealised bio®lm. Left: Substrate pro®les and Right: active fraction of bacteria
species based on zero-order kinetics. From top to bottom: case 1, 2 and 3 = oxygen limited in the ®rst
place and then either organic matter, nitrate or ammonia limited; cases 4 and 5 = organic matter limited in the ®rst place and then either oxygen or ammonia limited; and case 6 = ammonia limited.

A simpli®ed mixed-culture bio®lm model

is limiting in the second place and the active
fraction is obtained from Fig. 5.
General algorithm for calculating active fractions
The following algorithm is generally applicable
for determining the active fractions in a multiple
species/substrate systems:
1. Make the process matrix, indicate all negative
stoichiometric values and evaluate the sequence
of switching from one substrate to another for
processes that are ``on'' or ``o'' (e.g. anoxic
growth is not operational as long as oxygen is
``on'', assimilation of nitrate as nitrogen source
is ``o'' as long as ammonia is ``on'', etc.);
2. Calculate the dimensionless penetration depth b
for each of the relevant components and for all
reactions that are ``on'' assuming zero-order
reaction rates and no limitation by any other
substrate;
3. The smallest b found is retained (unless it is larger than one) and this determines the penetration
depth of the limiting substrate;
4. Some reaction(s) may be switched ``o'' and
others ``on'' by this absence of substrate in the
deeper layers of the bio®lm;
5. Unless all reactions are ``o'' or the smallest b is
larger than one, go to 2.

STEP 2: OVERALL MODEL FOR THE BULK LIQUID IN
CONTACT WITH A BIOFILM

Concept for describing bulk liquid±bio®lm interaction
The procedure outlined above is only the ®rst
step for deriving a mathematical description of the
biokinetic processes within the bio®lm and of the
mass exchange between bulk liquid and bio®lm
compartment. The result of the analysis with
respect to diusion limitation is a quanti®cation of
the active mass of each species present in the whole
bio®lm with respect to the processes. Also the
dynamic changes in the bulk liquid need to be considered and the mass transfer between those two
phases.
The system is seen in the following as two connected ideally mixed tank reactors where one is
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representing the bulk liquid and the other the bio®lm (Fig. 6). The components in both tanks are
expressed dierently, in the bulk liquid in terms of
concentrations (MLÿ3), as usual, and in the bio®lm
as mass MF (M). The reason is that the thickness of
the bio®lm compartment is changing, which can be
taken into account more easily by balancing masses
than by concentrations. Neglecting the dynamic
changes in bio®lm density, the thickness of the bio®lm can be computed at any time instant from (2)
P
MFj
L
:
15
rm AF
The dierent dimensions of the particulate components in both reactors (concentrations in the bulk
liquid and mass in the bio®lm) do not allow a direct
interaction of components in both compartments.
Traditionally, the formulation of the mass transfer
between the phases has to account for that.
Alternatively, one can express the reactions in the
bio®lm as a volumetric reaction rate rBi with respect
to the substrate concentration in the bulk liquid.
This volumetric reaction rate is derived from
equation 11, that is from the areal ¯ux Ji of a substrate Si through the surface of the bio®lm:
Ji
AF X
rBi 

ÿmj Xj ij fj L:
16
VB =AF VB j
Rewriting this equation gives:
X
MFj AF
rBi 
ÿmj ij fj L
A
F L VB
j


X
j



X
j

ÿmj ij fj

MFj
VB

ÿmj ij fj XBj

17

where AF is the surface of the bio®lm, VB is the
volume of the bulk liquid compartment and
XBj=MFj/VB is the concentration of particulate
matter j in the bio®lm per unit of volume of the
bulk liquid compartment. Hence, the problem of
the dierent dimensions of the particulate components in both phases is taken care of directly and
the explicit description of the mass transfer between

Fig. 6. Interaction processes between bio®lm and bulk liquid components due to mass ¯uxes J.

Process rate (MLÿ3 Tÿ1)
mH.XFBH.fH
mH*.XFBH.fH*
mA.XFBA.fA
bH.XBH
bA.XBA
kh.XBS
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fp
fp

XBI (MLÿ3)

1

ÿ1

1 ÿ fp
1 ÿ fp
ÿ1

XBS (MLÿ3)

ix
1

Bio®lm

XBA (MLÿ3)

ÿ(1 ÿ YH)/2.86YH
1/YA

The biokinetic process description is straightforward once the fractions of the active biomass have
been computed as previously outlined. Expressing
the components in the bio®lm as above in terms of
concentrations with respect to the volume of the
bulk liquid compartment (XBj) does not violate
mass conservation principles. In the following illustrative example aerobic and anoxic growth of
heterotrophs and aerobic growth of autotrophs is
simulated, as well as hydrolysis and decay. It is important that the process description for biomass
growth used here (Table 2) is consistent with the
one used earlier for determining the active fractions
(Table 1).
Here we follow as closely as possible the concepts
formulated in the activated sludge model No. 1
(Henze et al., 1987) for the description of the biokinetic processes in the bio®lm (Table 2). The main
dierence to other bio®lm models (e.g. Wanner and
Gujer, 1986; Wanner and Reichert, 1996; Horn and
Hempel, 1997a,b) is the consistent application of
the death±regeneration principle (Dold et al., 1980)
together with the introduction of slowly biodegradable organic matter (XS) which is considered as a
particulate component of the bio®lm. The reasoning
for choosing this approach is to allow both a consistent process description and wastewater charac-

1 ÿ 4.57/YA

Description of biokinetic processes in the bio®lmÐ
Process matrix: an example

XBH (MLÿ3)
1
1

where kd is the detachment rate, uf the velocity by
which the surface of the bio®lm moves perpendicular to the substratum and kdt the detachment coecient.

SNH (MLÿ3)
ÿi x
ÿix
ÿ1/YAÿix

18

SNO (MLÿ3)

then kd  0
then kd  kdt uf

SS (MLÿ3)
-1/YH
ÿ1/YH

uf < 0
uf > 0

SO (MLÿ3)
1 ÿ 1/YH

if
if

Bulk liquid

Attachment (¯ux Jat) is addressing a number of
physical processes where suspended matter is transported from the water phase to the bio®lm compartment. The most important phenomena are
processes such as sedimentation, inclusion or
attachment which are generally described as a ®rstorder process with respect to the concentration of
the particulate matter in the water phase. The
reverse process of displacement is addressed as
detachment (¯ux Jdt). Detachment describes the material loss from the bio®lm matrix and is frequently
categorised into the phenomena erosion, sloughing
and abrasion. In this paper no such distinction is
made and all three phenomena are modelled as one.
Following Horn and Hempel (1997b) the rate of
biomass detachment kd is formulated here as being
dependent on the velocity uf by which the bio®lm
surface moves relative to the substratum:

Table 2. Process matrix for biokinetic processes in the bio®lm and corresponding eect to the concentration of soluble components in the bulk liquid

Physical interaction between bio®lm and bulk liquid

ÿ1

bulk liquid and bio®lm must no longer be considered in the overall model.

Process
Aerobic het. growth
Anoxic het. growth
Aerobic aut. growth
Decay heterotroph
Decay autotroph
Hydrolysis
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terisation for direct linkage of models of the various
compartments in aquatic systems (e.g. Rauch et al.,
1998). However, the choice of this concept is not
mandatory for using the presented simpli®ed bio®lm model and it can be easily replaced.
However, with respect to the activated sludge
model No. 1 (ASM1) some simpli®cations had to
be implemented as a result of the active fraction
concept. First of all bacterial growth is not
expressed as a Monod-type reaction as done in
ASM1 but instead as a ®rst-order process with
respect to the active fraction of the bacterial mass
alone. This is due to the requirements for zeroorder in substrate kinetics and diusion limitation.
In ASM1 also the limitation of reactions with
respect to oxygen and ammonia is expressed by
Monod-type switching functions. Conveniently
these functions can be dropped as all limitations are
already considered in the active fraction concept.
In Table 2 it is postulated that hydrolysis is a
®rst-order process with respect to the concentration
of slowly biodegradable organic matter. This hypothesis is supported by experimental results from
Janning et al. (1997). According to the assumptions
underlying the model concept (assumption (5))
readily biodegradable organic matter from hydrolysis is modelled as being instantaneously transferred
into the bulk liquid.

APPLICATION OF THE MODEL

Two examples will serve as illustration of the applicability of the simpli®ed mixed-culture model.
Both are long-term experiments in which growth
and decay of microbial species in the bio®lm have
been investigated under dierent, well-de®ned environmental conditions. The ®rst experiment (Horn
and Hempel, 1997a) is concerned with the population dynamics in an autotrophic bio®lm system
over a period of 10 months. The experimental
results have been used to calibrate the model with
respect to the parameters of the autotrophic bacteria. The predictive power of the model is seen by
the fact that no change of those calibrated parameter values was necessary to describe the second
experiment, which is a 7-month investigation on
growth and decay in an auto-/heterotrophic bio®lm
(Horn and Hempel, 1997b). Obviously, the lack of
data in the ®rst experiment caused that the par-

Fig. 7. Experimental set-up.
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Table 3. Speci®cation of the experimental set-up. (After: Horn and
Hempel, 1997a,b)
Parameter

Experiment 1

Experiment 2

Reactor length
Tube diameter
Bio®lm surface area
Recirculation ¯ow
Dilution water ¯ow
Substrate solution ¯ow

1.63 m
0.016 m
0.082 m2
1.74 m3dÿ1
0.0035 m3dÿ1
0.0003 m3dÿ1

1.42 m
0.026 m
0.116 m2
3.67 m3dÿ1
0.0035 m3dÿ1
0.0003 m3dÿ1

ameters describing heterotrophic bacteria conversion were calibrated for the second experiment
only. For the sake of illustration both experiments
are described brie¯y in the following. For a more
detailed description the reader is referred to the
original literature.
Experimental set-up
Both investigations used a nearly identical set-up which
is characterised in Fig. 7 and Table 3. The very high recirculation rate makes it possible to model the bio®lm tube
reactor as a quasi completely mixed reactor. After inoculation with sludge from a wastewater treatment plant the
bio®lm was grown inside the darkened glass tube under a
constant temperature of 208C. The measurements included
(among others) bio®lm thickness, mean bio®lm density,
¯ux of substrates and oxygen pro®les. For determining
detachment rates the suspended solids in the euent have
also been measured. Note the dierence in measuring the
substrate ¯uxes from the bulk liquid into the bio®lm: the
turnover rate of ammonia (SNH) is determined in both experiments by measuring in¯uent and euent concentrations. For the evaluation of the maximum ¯ux of
glucose SS in the second experiment (auto/heterotrophic
bio®lm) batch experiments had to be carried out. For this
purpose, the reactor was rinsed with dilution water ®rst
and then the substrate concentration was set to 400 mg/l
glucose. The decrease in glucose concentration in the reactor was monitored during 90 min. The feeding with substrate and dilution water was turned down during the
batch experiment, however the ¯ow velocity in the reactor
was kept constant in order to maintain complete mixing
and mass transfer conditions.

Autotrophic bio®lm dynamics
The long-term investigation of growth and decay
of nitrifying bacteria has been divided into three
phases (see Table 4 and Fig. 8) where in the ®rst
phase the exponential growth of the bacteria was
explored, in the second the behaviour during starvation (no substrate loading) and in the third phase
the restart of bacterial activity. Measurements of
oxygen and substrate pro®les (see Horn and Hempel,
1997a) revealed that after the initial growth period
oxygen became the growth limiting substrate (approximately days 100 to 152). Note that the ammonia loading was reduced to 1.1 gmÿ2dÿ1 towards the
end of phase 1 (days 152 to 163) which is not mentioned in the original literature (Horn, personal
communication). As a consequence the bacterial
growth was ammonia limited in this period. This
also explains the peak (single point) in the ammonia
¯ux at day 164 (Fig. 8). After restarting the ammonia loading at day 201 bacterial activity was immedi-
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Table 4. Substrate loading and oxygen concentration during the experiments. (After Horn and Hempel, 1997a,b)

Experiment
1
2

Phase

Day

SS loading (gmÿ2dÿ1)

SNH loading (gmÿ2dÿ1)

O2 (gmÿ3)

1
2
3
1
2
3

0±165
166±200
201±296
0±108
109±140
141±224

Ð
Ð
Ð
1.5
0.0
1.0

3.0±4.0
0.0
3.0
0.0
0.0
3.0

6.0
6.0
3.5±6.0
6.0
6.0
6.0

ately measured and increased linearly until the
growth process was again oxygen limited. This oxygen limitation is also documented by the reduction
in the measured ¯ux when the oxygen concentration

in the tube reactor was reduced from 6.0 to 3.5 mg/l
from day 270 until the end of the experiment.
The parameters of the proposed model were
assessed based on a combination of direct use of

Fig. 8. Observed and simulated bio®lm thickness (top) and ammonia ¯ux (centre). Simulated mass fractions of autotrophic bacteria together with active amount (bottom).
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Table 5. Parameters used in the modelling predictions
Parameter
mH (1/d)
YH (gCOD/gCOD)
bH (1/d)
mA (1/d)
YA (gCOD/gN)
bA (1/d)
kh (1/d)
ix (gN/gCOD)
fp (ÿ)
kdt (ÿ)
DSo (cm2/d)
DSs (cm2/d)
DSnh (cm2/d)
rm (kg/m3)

Exp. 1

Exp. 2

0.075
0.115
0.04
0.08
0.08
0.08
0.1
2.1
0.58
1.8
20

0.8
0.085
0.015
0.075
0.115
0.04
0.08
0.08
0.08
0.1
2.1
0.58
1.8
25

Estimated

Yes

No

measured data, literature data and calibration using
non-linear optimisation techniques. Mean bio®lm
density rm was measured several times during the
experimental period and the mean value of those
measurements was implemented in the model. Horn
and Hempel (1997b) identi®ed the detachment rate
directly by comparing measured and simulated
values of suspended solids in the euent. Here we
consistently used their ®ndings of the second experiment for the detachment coecient kdt. Diusion
coecients and stoichiometric coecients were also
taken directly from literature (Horn and Hempel,
1997b). All other parameter (mA, YA, bA, kh) values
and the initial conditions for volume fractions and
bio®lm thickness were determined by minimisation
of the error when comparing simulation with experimental results. The ®t was carried out by using a
genetic algorithm (Goldberg, 1989) for non-linear
optimisation. The calibrated set of model parameters for both experiments is listed in Table 5
and initial conditions in Table 6.
In Fig. 8 the simulated ammonia ¯ux and bio®lm
thickness is compared against the measurements. It
is apparent that the ammonia turnover rate predictions of the model are excellent and in fact comparable to the results obtained by using the much more
re®ned model of Horn and Hempel (1997a). In general also the bio®lm thickness is simulated very well
by the simpli®ed mixed-culture model but a deviation with respect to biomass loss during starvation
(phase 2) is observed. Figure 8 also depicts the pro®le of the simulated volume fraction of the nitrifying bacteria within the solid phase (esA) together
with the active fraction of the component. Substrate

Table 6. Initial conditions used in the modelling predictions
Parameter

Exp. 1

Exp. 2

Lini (m  10ÿ6)
MA/SMini (ÿ)
MH/SMini (ÿ)

75
0.05

40
0.05
0.00005
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limitation occurs as soon as the total amount of
species present is no longer active, i.e. participating
in the conversion process. The predicted limitationsÐfor oxygen starting at day 110 and day
227 and for ammonia at days 151 to 163Ðcorrespond very well with the measured substrate and
oxygen pro®les in Horn and Hempel (1997a).
However, one should note that the simulation
results with respect to the active fractions assume a
uniform distribution of the particulate components,
whereas probably a spatial distribution exists.
Notwithstanding this discrepancy, the model was
able to predict the general behaviour of biomass
growth and decay over a long period.
Autotrophic±heterotrophic bio®lm dynamics
The investigation of the dynamics of growth and
decay of a mixed-culture bio®lm was again divided
into three phases (Table 4 and Fig. 9) comparable
to the ®rst experiment. The ®rst phase was concerned with the growth of the heterotrophic bacteria group only. Substrate (glucose) loading was
the limiting factor for growth during this period
which made the earlier described batch experiments
necessary to predict the maximum turnover rates
for glucose. Again the second phase was a period of
starvation for the biomass where no substrate was
fed. In phase three glucose and ammonia were fed
simultaneously to the bio®lm thus exploring the
growth of two species and their competition for
oxygen and space.
Figure 9 compares the measurements with predicted values of bio®lm thickness, ammonia ¯ux
and maximum glucose ¯ux obtained by the simpli®ed mixed-culture bio®lm model. In order to test
the predictive power of the model all parameter
values already calibrated in the ®rst experiment
were used here without any adjustment. Hence, calibration was performed only for the parameters related to the dynamics of the heterotrophic bacteria
(mH, YH, bH) and for the initial conditions. The
mean bio®lm density has been obtained again from
direct measurements.
As in the ®rst experiment, the simpli®ed mixedculture bio®lm model was able to replicate the overall dynamics very closely. For the maximum glucose
¯ux a maximum deviation of 22% between the
simulated and recorded values was found at the end
of phase two. This dierence is probably due to
both the heterogeneity of the bio®lm and the complex behaviour with respect to lysis, death and
maintenance. Although this is discussed at length
by Horn and Hempel (1997b) their re®ned model
also failed in accurate glucose ¯ux predictions. The
linear increase in ammonia ¯ux in the third phase is
described very well with the proposed model showing only a small discrepancy of 14% at the end of
the experiment. Note that the start of the growth of
the autotrophic bacteria species was implemented as
an initial condition of the model speci®ed for day
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Fig. 9. Observed and simulated bio®lm thickness (top), ammonia ¯ux (centre) and maximum glucose
¯ux measured in the batch experiment (bottom).

141 (XBA being zero prior to that time instant),
which corresponds to the approach of Horn and
Hempel (1997b).
Discussion
The limitation of conversion processes due to the
diusion of soluble components (SO, SNH, SS) is
one of the major aspects in the investigated experiments. It is apparent from Figs 8 and 9 that the
proposed active fraction concept is able to describe
substrate limitation according to reality. In spite of

the fact that the spatial distribution of the species
within the bio®lm is neglected, the principles of the
active fraction concept proved to be applicable for
the simulation of bio®lm dynamics.
In both simulations the model predicted a loss of
biomass activity that was not observed in the same
magnitude during the experiment. The reason for
this discrepancy is not the chosen description of
biomass detachment but the implemented process
description for modelling endogenous respiration
and death. The deat -regeneration concept assumes

A simpli®ed mixed-culture bio®lm model

that only a fraction (fp) of the biomass undergoes
inactivation whereas the rest is ®rst converted to
slowly biodegradable organic matter (XS), subsequently hydrolysed and then converted back to
biomass. During the starvation period the bacterial
growth process is stopped. Hence, thickness
decreases due to the hydrolysis of the slowly biodegradable organic matter.
Some of the parameters used in the model have
been either taken directly from measurements (fm)
or without change from Horn and Hempel (1997b)
(Di, kdt). Parameters concerning the approaches
from ASM1 were taken from Henze et al. (1987)
(ix, fp). All other parameters had to be adjusted in
order to ®t the experimental results. Although most
of the values found (Table 5) are well within the
range of recorded data (Kissel et al., 1984; Wanner
and Gujer, 1986; Arvin and HarremoeÈs, 1990; Horn
and Hempel, 1997 a, b) a dierence is seen for the
maximum growth rate and the yield coecient of
heterotrophic bacteria. Although both values deviate individually from commonly used parameter
values, the relation mH/YH (expressing the maximum
speci®c substrate conversion rate) is again a standard value. The dierence in the parameter values
is probably due to the use of the death regeneration
concept as this leads sometimes to special parameter
combinations for the description of decay. This problem is well known in activated sludge modeling
but might be even more pronounced here.

CONCLUSIONS

We presented a simpli®ed mixed-culture bio®lm
model and discussed the application of the model
for two long-term experiments described in the literature. The basic idea of the proposed model is to
decrease model complexity in order to allow fast
but suciently accurate simulation of bio®lm
dynamics. This is achieved by decoupling the calculation of substrate diusion into the bio®lm from
the computation of the conversion processes in the
bio®lm. The ®rst step of the procedure assumes a
pseudo-steady-state situation with respect to the diffusion and solves the problem analytically. The
result of this ®rst step is an estimate on the fraction
of each biomass species that is active in the present
situation. In the second step of the procedure all
conversion processes within the bio®lm are computed dynamically. The bacterial species are
assumed to be homogeneously distributed as in an
ideally mixed tank reactor but with only a certain
fraction of each species active.
The critical assumption made in the model is the
homogeneous distribution of the bacterial species.
However, as seen from Fig. 9 this simplifying
assumption does not seem to aect the descriptive
ability of the model for a mixed-culture bio®lm sys-
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tem. Meanwhile, the avoidance of partial dierential equations for computation of the bio®lm
dynamics by using the two-step procedure instead
results in a signi®cant reduction of the model structure complexity as compared to state-of-the-art
mixed-culture bio®lm models. This feature allows a
direct implementation of standard biokinetic conversion models as used in activated sludge modelling. We conclude that the simpli®ed mixed-culture
bio®lm model is an attractive tool when emphasis is
put more on fast predictions of system behaviour
than on detailed understanding.
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